
Syntax� �
Type Variables X ,Y ,Z

Term Variables x , y , z

Types T ,S ,U ::=X
| I

| T ⊕ T
| T ⊗ T
| T ⊸ T

| µX .T
Terms t , u , v ::=x

| ()
| inl t
| inr t
| t × t
| t 7→ t

| fold t

| trace t

| t + t

| t o
9 t

| t†

| ∅
| id

Type Contexts Θ ::=
| Θ,X

Term Contexts Γ ::=
| Γ, t : T

Type Judgements Θ ` T

Term Judgements Γ ` t : T
Expressions e , f , g ::=t

| t @ t

Expr judgement ::= ` e : T
Var Environment Ξ ::={ }

Ξ, {x → t}

� �
Type Formation rules� �

　
Θ,X ` X

　
Θ ` I

Θ ` T1 Θ ` T2

Θ ` T1 ⊕ T2 :
Θ ` T1 Θ ` T2

Θ ` T1 ⊗ T2 :
Θ ` T1 Θ ` T2

Θ ` T1 ⊸ T2

Θ,X ` T

Θ ` µX .T� �
Type Substitution� �

X [X → S ] = S

Y [X → S ] = Y

I [X → S ] = I

T1 ⊕ T2[X → S ] = T1[X → S ] ⊕ T2[X → S ]
T1 ⊗ T2[X → S ] = T1[X → S ] ⊗ T2[X → S ]
T1 ⊸ T2[X → S ] = T1[X → S ]⊸ T2[X → S ]
µY .T [X → S ] = µY .(T [X → S ])

� �



Typing rules� �
　

Variable
x : T ` x : T

Γ2,Γ1 ` t : T Exchange
Γ1,Γ2 ` t : T

Γ ` t : TIL
Γ, () : I ` t : T

　
IR` () : I

Γ, t1 : T1 ` t : T⊕Ll
Γ, inl t1 : T1 ⊕ T2 ` t : T

Γ ` t1 : T1 ⊕Rl
Γ ` inl t1 : T1 ⊕ T2

Γ, t2 : T2 ` t : T⊕Lr
Γ, inr t2 : T1 ⊕ T2 ` t : T

Γ ` t2 : T2 ⊕Rr
Γ ` inr t2 : T1 ⊕ T2

Γ, t1 : T1, t2 : T2 ` t : T⊗L
Γ, t1 × t2 : T1 ⊗ T2 ` t : T

Γ1 ` t1 : T1 Γ2 ` t2 : T2 ⊗R
Γ1,Γ2 ` t1 × t2 : T1 ⊗ T2

Γ1 ` t1 : T1 Γ2, t2 : T2 ` t : T⊸L
Γ1,Γ2, t1 7→ t2 : T1 ⊸ T2 ` t : T

Γ, t1 : T1 ` t2 : T2 ⊸R
Γ ` t1 7→ t2 : T1 ⊸ T2

Γ, u : U [X → µX .U ] ` t : T
µL Γ, fold u : µX .U ` t : T

Γ ` t : T [X → µX .T ]
µRΓ ` fold t : µX .T

Γ, u : S ⊕U1 ⊸ S ⊕U2 ` t : T
TraceL

Γ, trace u : U1 ⊸ U2 ` t : T
Γ ` t : U ⊕ T1 ⊸ U ⊕ T2 TraceR
Γ ` trace t : T1 ⊸ T2

Γ, t1 : U ` t : T Γ, t2 : U ` t : TLinearityL Γ, t1 + t2 : U ` t : T
Γ ` t1 : T Γ ` t2 : T LinearityRΓ ` t1 + t2 : T

Γ, t1 : T1 ⊸ T2, t2 : T2 ⊸ T3 ` t : TCompositionL Γ, t1 o
9 t2 : T1 ⊸ T3 ` t : T

Γ1 ` t1 : T1 ⊸ T2 Γ2 ` t2 : T2 ⊸ T3 CompositionRΓ1,Γ2 ` t1 o
9 t2 : T1 ⊸ T3

Γ, u : T2 ⊸ T1 ` t : T†L
Γ, u† : T1 ⊸ T2 ` t : T

Γ ` t : T2 ⊸ T1 †R
Γ ` t† : T1 ⊸ T2

Γ ` t : TidL
Γ, id : U ⊸ U ` t : T

　
idR` id : T ⊸ T

` t : T1 ⊸ T2 ` t1 : T1Application ` t @ t1 : T2� �
Syntax Directed Typing rules� �

` t : T ▷

Γ(x ) = T
Variable

Γ ` x : T ▷ Γ \ x
Γ ` t : T ▷ Γ′IL

Γ, () : I ` t : T ▷ Γ′
　

IR
Γ ` () : I ▷ Γ

Γ, t1 : T1 ` t : T ▷ Γ′⊕Ll
Γ, inl t1 : T1 ⊕ T2 ` t : T ▷ Γ′

Γ ` t1 : T1 ▷ Γ
′

⊕Rl
Γ ` inl t1 : T1 ⊕ T2 ▷ Γ

′

Γ, t2 : T2 ` t : T ▷ Γ′⊕Lr
Γ, inr t2 : T1 ⊕ T2 ` t : T ▷ Γ′

Γ ` t2 : T2 ▷ Γ
′

⊕Rr
Γ ` inr t2 : T1 ⊕ T2 ▷ Γ

′

Γ, t1 : T1, t2 : T2 ` t : T ▷ Γ′⊗L
Γ, t1 × t2 : T1 ⊗ T2 ` t : T ▷ Γ′

Γ ` t1 : T1 ▷ Γ
′ Γ′ ` t2 : T2 ▷ Γ

′′
⊗R

Γ ` t1 × t2 : T1 ⊗ T2 ▷ Γ
′′

Γ ` t1 : T1 ▷ Γ
′ Γ′, t2 : T2 ` t : T ▷ Γ′′⊸L

Γ, t1 7→ t2 : T1 ⊸ T2 ` t : T ▷ Γ′′
Γ, t1 : T1 ` t2 : T2 ▷ Γ

′
⊸R

Γ ` t1 7→ t2 : T1 ⊸ T2 ▷ Γ
′

Γ, u : U [X → µX .U ] ` t : T ▷ Γ′
µL

Γ, fold u : µX .U ` t : T ▷ Γ′
Γ ` t : T [X → µX .T ] ▷ Γ′

µR
Γ ` fold t : µX .T ▷ Γ′

Γ, u : S ⊕U1 ⊸ S ⊕U2 ` t : T ▷ Γ′
TraceL

Γ, trace u : U1 ⊸ U2 ` t : T ▷ Γ′
Γ ` t : U ⊕ T1 ⊸ U ⊕ T2 ▷ Γ

′
TraceR

Γ ` trace t : T1 ⊸ T2 ▷ Γ
′

Γ, t1 : U ` t : T ▷ Γ′ Γ, t2 : U ` t : T ▷ Γ′LinearityL Γ, t1 + t2 : U ` t : T ▷ Γ′
Γ ` t1 : T ▷ Γ′ Γ ` t2 : T ▷ Γ′ LinearityRΓ ` t1 + t2 : T ▷ Γ′

Γ, t1 : T1 ⊸ T2, t2 : T2 ⊸ T3 ` t : T ▷ Γ′CompL
Γ, t1 o

9 t2 : T1 ⊸ T3 ` t : T ▷ Γ′
Γ ` t1 : T1 ⊸ T2 ▷ Γ

′ Γ′ ` t2 : T2 ⊸ T3 ▷ Γ
′′

CompR
Γ ` t1 o

9 t2 : T1 ⊸ T3 ▷ Γ
′′

Γ, u : T2 ⊸ T1 ` t : T ▷ Γ′†L
Γ, u† : T1 ⊸ T2 ` t : T ▷ Γ′

Γ ` t : T2 ⊸ T1 ▷ Γ
′
†R

Γ ` t† : T1 ⊸ T2 ▷ Γ
′

Γ ` t : T ▷ Γ′idL
Γ, id : U ⊸ U ` t : T ▷ Γ′

　
idR` id : T ⊸ T ▷

` t : T1 ⊸ T2 ▷ ` t1 : T1 ▷Application ` t @ t1 : T2 ▷� �



Constraint–Based Type Inference rules� �
` t : X ▷ | C

Γ(x ) = V2Variable
Γ ` x : V1 ▷ Γ \ (x : T ) | {V1 = V2}

Γ ` t : T ▷ Γ′ | C
IL
Γ, () : V ` t : T ▷ Γ′ | C ∪ {V = I }

　
IR

Γ ` () : V ▷ Γ | {V = I }
Γ, t1 : X1 ` t : T ▷ Γ′ | C⊕Ll

Γ, inl t1 : V ` t : T ▷ Γ′ | C ∪ {V = X1 ⊕X2}
Γ ` t1 : X1 ▷ Γ

′ | C ⊕Rl
Γ ` inl t1 : V ▷ Γ′ | C ∪ {V = X1 ⊕X2}

Γ, t2 : X2 ` t : T ▷ Γ′ | C⊕Lr
Γ, inr t2 : V ` t : T ▷ Γ′ | C ∪ {V = X1 ⊕X2}

Γ ` t2 : X2 ▷ Γ
′ | C ⊕Rr

Γ ` inr t2 : V ▷ Γ′ | C ∪ {X1 ⊕X2}
Γ, t1 : X1, t2 : X2 ` t : T ▷ Γ′ | C⊗L

Γ, t1 × t2 : V ` t : T ▷ Γ′ | C ∪ {V = X1 ⊗X2}
Γ ` t1 : X1 ▷ Γ

′ | C1 Γ′ ` t2 : X2 ▷ Γ
′′ | C2 ⊗R

Γ ` t1 × t2 : V ▷ Γ′′ | C1 ∪ C2 ∪ {V = X1 ⊗X2}
Γ ` t1 : X1 ▷ Γ

′ | C1 Γ′, t2 : X2 ` t : T ▷ Γ′′ | C2⊸L
Γ, t1 7→ t2 : V ` t : T ▷ Γ′′ | C1 ∪ C2 ∪ {V = X1 ⊸ X2}

Γ, t1 : X1 ` t2 : X2 ▷ Γ
′ | C ⊸R

Γ ` t1 7→ t2 : V ▷ Γ′ | C ∪ {V = X1 ⊸ X2}
Γ, u : U [Y → µY .U ] ` t : T ▷ Γ′ | C

µL
Γ, foldµY .U u : V ` t : T ▷ Γ′ | C ∪ {V = µY .U }

Γ ` t : T [X → µX .T ] ▷ Γ′ | C
µR

Γ ` foldµX .T t : V ▷ Γ′ | C ∪ {V = µX .T }

Γ, u : U ⊕X1 ⊸ U ⊕X2 ` t : T ▷ Γ′ | C
TraceL

Γ, traceU u : V ` t : T ▷ Γ′ | C ∪ {V = X1 ⊸ X2}
Γ ` t : T ⊕X1 ⊸ T ⊕X2 ▷ Γ

′ | C
TraceR

Γ ` traceT t : V ▷ Γ′ | C ∪ {V = X1 ⊸ X2}
Γ, t1 : X ` t : T ▷ Γ′ | C1 Γ, t2 : X ` t : T ▷ Γ′ | C2LinL

Γ, t1 + t2 : V ` t : T ▷ Γ′ | C1 ∪ C2 ∪ {V = X }
Γ ` t1 : X ▷ Γ′ | C1 Γ ` t2 : X ▷ Γ′ | C2 LinR
Γ ` t1 + t2 : V ▷ Γ′ | C1 ∪ C2 ∪ {V = X }

Γ, t1 : X1 ⊸ X2, t2 : X2 ⊸ X3 ` t : T ▷ Γ′ | CCompL
Γ, t1 o

9 t2 : V ` t : T ▷ Γ′ | C ∪ {V = X1 ⊸ X3}
Γ ` t1 : X1 ⊸ X2 ▷ Γ

′ | C1 Γ′ ` t2 : X ′2 ⊸ X3 ▷ Γ
′′ | C2

CompR
Γ ` t1 o

9 t2 : V ▷ Γ′′ | C1 ∪ C2 ∪ {V = X1 ⊸ X3}
Γ, u : X2 ⊸ X1 ` t : T ▷ Γ′ | C†L

Γ, u† : ` t : T ▷ Γ′ | C ∪ {V = X1 ⊸ X2}
Γ ` t : X2 ⊸ X1 ▷ Γ

′ | C †R
Γ ` t† : V ▷ Γ′ | C ∪ {V = X1 ⊸ X2}

Γ ` t : T ▷ Γ′ | C
idL

Γ, id : V ` t : T ▷ Γ′ | C ∪ {V = X ⊸ X }
　

idR` id : V ▷ | {V = X ⊸ X }
` t : X1 ⊸ X2 ▷ | C1 ` t1 : X1 ▷ | C2Application ` t @ t1 : V ▷ | C1 ∪ C2 ∪ {V = X2}� �

Unification� �
unify := Set of Constraint→ Substitution

unify({}) = []
unify({X = T } ∪ C ) = unify([X → T ]C ) ◦ [X → T ]
unify({T = X } ∪ C ) = unify([X → T ]C ) ◦ [X → T ]

unify({S1 ⊕ S2 = T1 ⊕ T2} ∪ C ) = unify(C ∪ {S1 = T1,S2 = T2})
unify({S1 ⊗ S2 = T1 ⊗ T2} ∪ C ) = unify(C ∪ {S1 = T1,S2 = T2})

unify({S1 ⊸ S2 = T1 ⊸ T2} ∪ C ) = unify(C ∪ {S1 = T1,S2 = T2})
unify({µX .S = µY .T } ∪ C ) = unify(C ∪ {X = Y ,S = T })� �



Type Interpretation� �
| Θ |はコンテキスト Θに含まれる型変数の数
圏 Vはトレース双積付きダガーコンパクト圏 (Dagger Compact Category with Traced Finite Biproduct)

• F : Vn → Vは n 多重関手

• Πi : V|Θ| → Vは射影関手
• KI : V|Θ| → Vは定数 I 関手

• ⊗ : V × V→ Vはテンソル積関手
• ⊕ : V × V→ Vは双積関手
• (−)⋆ : Vop → Vは充満忠実自己反変関手
• [−,−] : Vop × V→ Vは内部ホム関手
• IdV は恒等関手

• 圏 Vと関手 F : Vn → V (n ≥ 1)について，パラメトライズされた F の始代数は，以下を満たす組 (F ♯, ϕF )
– F ♯ : Vn−1 → Vは関手
– ϕF : F ◦ 〈Id ,F ♯〉 ⇒ F ♯ : Vn−1 → Vは自然同型
– 全ての T ∈| Vn−1 |について，組 (F ♯(T ), ϕFT )は F (T ,−)-始代数

~Θ ` T� : V|Θ|→V
~Θ ` Xi� = Πi

~Θ ` I � = KI

~Θ ` T1 ⊕ T2� = ⊕ ◦ 〈~Θ ` T1�, ~Θ ` T2�〉
~Θ ` T1 ⊗ T2� = ⊗ ◦ 〈~Θ ` T1�, ~Θ ` T2�〉
~Θ ` T1 ⊸ T2� = ⊗ ◦ 〈~Θ ` T1�⋆, ~Θ ` T2�〉
~Θ ` µX .T� = ~Θ,X ` T�♯

~Θ ` T [X → U ]� = ~Θ ` T� ◦ 〈Id , ~Θ ` U �〉
~T� := ~ ` T�(∗) ∈| V |

∗は，スモール圏の圏 Catにおける終対象 1の唯一の対象� �
Denotational Semantics� �

~t : T� ∈ ~T�
~id : T� = 1
~∅ : T� = 0
~x : T� = x

~() : I � = ∗
~inl t1 : T1 ⊕ T2� = ι1(~t1 : T1�)
~inr t2 : T1 ⊕ T2� = ι2(~t2 : T2�)
~t1 × t2 : T1 ⊗ T2� = ~t1 : T1� ⊗ ~t2 : T2�

~t1 7→ t2 : T1 ⊸ T2� = ~t1 : T1�⋆ ⊗ ~t2 : T2�

~fold t : µX .T� = foldµX .T (~t : T [X / µX .T ]�)

~t1 + t2 : T� = 1√
2
(~t1 : T� + ~t2 : T�)

~t1 o
9 t2 : T1 ⊸ T3� = ~t2 : T2 ⊸ T3� ◦ ~t1 : T1 ⊸ T2�

~traceU t : T1 ⊸ T2� = TrUT1,T2
(~t : (U ⊕ T1)⊸ (U ⊕ T2)�)

~t† : T1 ⊸ T2� = ~t : T2 ⊸ T1�−1

~t @ t1 : T2� = ~t : T1 ⊸ T2�(~t1 : T1�)

� �
partial order� �

∅ ≺ x ≺ () ≺ inl t ≺ inr t ≺ t1 × t2 ≺ t1 7→ t2 ≺ fold t ≺ trace t ≺ t1 + t2� �



Term Matching and Substitution� �
　

x ▷ t ⇀ {x → t}
t ∈ Ξ(x )

Ξ ▷ x ⇝ t ▷ Ξ \ {x → t}
x < Dom(Ξ)

Ξ ▷ x ⇝ ∅ ▷ Ξ

　
() ▷ () ⇀ {}

　
Ξ ▷ () ⇝ () ▷ Ξ

t ▷ u ⇀ Ξ
inl t ▷ inl u ⇀ Ξ

　
inl t ▷ inr u ⇀ ⊥

Ξ ▷ t ⇝ t ′ ▷ Ξ′

Ξ ▷ inl t ⇝ inl t ′ ▷ Ξ′

t ▷ u ⇀ Ξ
inr t ▷ inr u ⇀ Ξ

　
inr t ▷ inl u ⇀ ⊥

Ξ ▷ t ⇝ t ′ ▷ Ξ′

Ξ ▷ inr t ⇝ inr t ′ ▷ Ξ′

t1 ▷ u1 ⇀ Ξ1 t2 ▷ u2 ⇀ Ξ2

t1 × t2 ▷ u1 × u2 ⇀ Ξ1 ∪×⊥ Ξ2

Ξ ▷ t1 ⇝ t ′1 ▷ Ξ
′ Ξ′ ▷ t2 ⇝ t ′2 ▷ Ξ

′′

Ξ ▷ t1 × t2 ⇝ t ′1 × t ′2 ▷ Ξ′′

t1 ▷ u1 ⇀ Ξ1 t2 ▷ u2 ⇀ Ξ2

t1 7→ t2 ▷ u1 7→ u2 ⇀ Ξ1 ∪×⊥ Ξ2

Ξ ▷ t1 ⇝ t ′1 ▷ Ξ
′ Ξ′ ▷ t2 ⇝ t ′2 ▷ Ξ

′′

Ξ ▷ t1 7→ t2 ⇝ t ′1 7→ t ′2 ▷ Ξ
′′

t ▷ u ⇀ Ξ
fold t ▷ fold u ⇀ Ξ

Ξ ▷ t ⇝ t ′ ▷ Ξ′

Ξ ▷ fold t ⇝ fold t ′ ▷ Ξ′

t ▷ u ⇀ Ξ
trace t ▷ trace u ⇀ Ξ

Ξ ▷ t ⇝ t ′ ▷ Ξ′

Ξ ▷ trace t ⇝ trace t ′ ▷ Ξ′

t ▷ u1 ⇀ Ξ1 t ▷ u2 ⇀ Ξ2

t ▷ u1 + u2 ⇀ Ξ1 ∪+⊥ Ξ2

t1 ▷ u ⇀ Ξ1 t2 ▷ u ⇀ Ξ2

t1 + t2 ▷ u ⇀ Ξ1 ∪+⊥ Ξ2

Ξ ▷ t1 ⇝ t ′1 ▷ Ξ
′ Ξ′ ▷ t2 ⇝ t ′2 ▷ Ξ

′′

Ξ ▷ t1 + t2 ⇝ t ′1 + t
′
2 ▷ Ξ

′′

t1 ▷ u1 ⇀ Ξ1 t2 ▷ u2 ⇀ Ξ2

t1 o
9 t2 ▷ u1 o

9 u2 ⇀ Ξ1 ∪×⊥ Ξ2

x ▷ t† o
9 u ⇀ Ξ

t o
9 x ▷ u ⇀ Ξ

x ▷ u o
9 t
† ⇀ Ξ

x o
9 t ▷ u ⇀ Ξ

Ξ ▷ t1 ⇝ t ′1 ▷ Ξ
′ Ξ′ ▷ t2 ⇝ t ′2 ▷ Ξ

′′

Ξ ▷ t1 o
9 t2 ⇝ t ′1

o
9 t
′
2 ▷ Ξ

′′

t ▷ u† ⇀ Ξ

t† ▷ u ⇀ Ξ

Ξ ▷ t ⇝ t ′ ▷ Ξ′

Ξ ▷ t† ⇝ t ′† ▷ Ξ′

　
id ▷ id ⇀ {}

　
Ξ ▷ id ⇝ id ▷ Ξ

　
∅ ▷ u ⇀ ⊥

　
t ▷ ∅ ⇀ ⊥

　
Ξ ▷ ∅ ⇝ ∅ ▷ Ξ� �



Operational Sematics� �
　

x ≡ x
　

() ≡ ()
　

∅ ≡ ∅
　

id ≡ id

　
inl ∅ ≡ ∅

inl t1 ≡ t ′1 inl t2 ≡ t ′2
inl (t1 + t2) ≡ t ′1 + t

′
2

t ≡ t ′

inl t ≡ inl t ′

　
inr ∅ ≡ ∅

inr t1 ≡ t ′1 inr t2 ≡ t ′2
inr (t1 + t2) ≡ t ′1 + t

′
2

t ≡ t ′

inr t ≡ inr t ′

　
t1 × ∅ ≡ ∅

　
∅ × t2 ≡ ∅

t1 × t3 ≡ t13 t2 × t3 ≡ t23

(t1 + t2) × t3 ≡ t13 + t23

t1 × t2 ≡ t12 t1 × t3 ≡ t13

t1 × (t2 + t3) ≡ t12 + t13

t1 ≡ t ′1 t2 ≡ t ′2
t1 × t2 ≡ t ′1 × t ′2

　
t1 7→ ∅ ≡ ∅

　
∅ 7→ t2 ≡ ∅

t1 7→ t3 ≡ t13 t2 7→ t3 ≡ t23

(t1 + t2) 7→ t3 ≡ t13 + t23

t1 7→ t2 ≡ t12 t1 7→ t3 ≡ t13

t1 7→ (t2 + t3) ≡ t12 + t13

t1 ≡ t ′1 t2 ≡ t ′2
t1 7→ t2 ≡ t ′1 7→ t ′2

　
fold ∅ ≡ ∅

fold t1 ≡ t ′1 fold t2 ≡ t ′2
fold (t1 + t2) ≡ t ′1 + t

′
2

t ≡ t ′

fold t ≡ fold t ′

　
trace ∅ ≡ ∅

t ≡ t ′

trace t ≡ trace t ′

t ≡ t ′

∅ + t ≡ t ′
t ≡ t ′

t + ∅ ≡ t ′
t1 ≡ t ′1 t2 ≡ t ′2 t3 ≡ t ′3

(t1 + t2) + t3 ≡ t ′3 + (t ′1 + t
′
2)

t1 ≡ t ′1 t2 ≡ t ′2 t3 ≡ t ′3
t1 + (t2 + t3) ≡ t ′1 + (t ′2 + t

′
3)

t1 ≡ t ′1 t2 ≡ t ′2
t1 + t2 ≡ t ′1 + t

′
2

　
∅ o

9 t ≡ ∅
　

t o
9 ∅ ≡ ∅

t1 o
9 t2 ≡ t12 t1 o

9 t3 ≡ t13

t1 o
9 (t2 + t3) ≡ t12 + t13

t1 o
9 t3 ≡ t13 t2 o

9 t3 ≡ t23

(t1 + t2) o
9 t3 ≡ t13 + t23

t ≡ t ′

id o
9 t ≡ t ′

t ≡ t ′

t o
9 id ≡ t ′

t1 ≡ t ′1 t2 ≡ t ′2 t3 ≡ t ′3
(t1 o

9 t2) o
9 t3 ≡ t ′1

o
9 (t ′2 o

9 t
′
3)

t1 ≡ t ′1 t2 ≡ t ′2 t3 ≡ t ′3
t1 o

9 (t2 o
9 t3) ≡ t ′1

o
9 (t ′2 o

9 t
′
3)

t3 ▷ t2 ⇀ Ξ Ξ ▷ t1 ⇝ t ′1 ▷ {} Ξ ▷ t4 ⇝ t ′4 ▷ {}
t1 7→ t2 o

9 t3 7→ t4 ≡ t ′1 7→ t ′4

t1 ≡ t ′1 t2 ≡ t ′2
t1 o

9 t2 ≡ t ′1
o
9 t
′
2

　
x † ≡ x

　
()† ≡ ()

　
∅† ≡ ∅

　

id† ≡ id
t ≡ t ′

(t†)† ≡ t ′

t† ≡ t ′

(inl t)† ≡ inl t ′
t† ≡ t ′

(inr t)† ≡ inr t ′
t† ≡ t ′

(fold t)† ≡ fold t ′
t† ≡ t ′

(trace t)† ≡ trace t ′

t†1 ≡ t ′1 t†2 ≡ t ′2

(t1 × t2)† ≡ (t ′1 × t ′2)

t†1 ≡ t ′1 t†2 ≡ t ′2

(t1 7→ t2)† ≡ (t ′2 7→ t ′1)

t†1 ≡ t ′1 t†2 ≡ t ′2

(t1 + t2)† ≡ (t ′1 + t
′
2)

t†1 ≡ t ′1 t†2 ≡ t ′2

(t1 o
9 t2)† ≡ (t ′2 o

9 t
′
1)

t1 ≡ t ′1 t2 ≡ t ′2 t ≡ t ′ t ′1 ▷ t ′ ⇀ Ξ Ξ ▷ t ′2 ⇝ t ′′ ▷ {}
(t1 7→ t2) @ t ≡ t ′′

　
∅ @ t ≡ ∅

t ≡ t ′

id @ t ≡ t ′

t1 @ t ≡ t ′1 t2 @ t ≡ t ′2
(t1 + t2) @ t ≡ t ′1 + t

′
2

t @ t1 ≡ t ′1 t @ t2 ≡ t ′2
t @ (t1 + t2) ≡ t ′1 + t

′
2

t @ (inr u) ≡ inr u ′

(trace t) @ u ≡ u ′
t @ (inl u) ≡ inl u ′ (trace t) @ (inl u ′) ≡ u ′′

(trace t) @ (inl u) ≡ u ′′

t @ (inr u) ≡ inl u ′ (trace t) @ (inl u ′) ≡ u ′′

(trace t) @ u ≡ u ′′
t @ (inl u) ≡ inr u ′

(trace t) @ (inl u) ≡ u ′� �


