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Type Variables X, Y., Z
Term Variables T,Y, 2
Types T,8,U ==X
| I
| TeT
| T®T
| T—oT
| uX.T
Terms t,u,v =z
I 0O
| inl ¢
| inrt
| txt
| t—t
| fold ¢
| trace t
| t+t
| tst
|t
| @
| id
Type Contexts ® =
| ©,X
Term Contexts r =
| I,t: T
Type Judgements OrT
Term Judgements revt¢:T
Expressions e, f,g =t
| t@t
Expr judgement =re: T
Var Environment = a={}
Z{x > t}
4
Type Formation rules ~
O O 0+ T Or T 0r T 0r T 0r T 0r T 0,X + T
0,X r X ®Or Or TTeT,: Or T'eT: Or TH -1 Or uX.T
J
Type Substitution ~
X[X - S8]=58
Y[ X - S5]=Y
IX > S8)=1
Tie Th[X - S1=T[X - Sle TL[X — S]
T @ Th[X — S1=Ti[X - S1® Th[X — S]

pnY.TIX - S]=

T1 — Th[X — S1=Ti[X = 5] — Th[X — 5]

p Y (T[X = S])




Typing rules

. O FQ,F]'—tZT
Excha
Vanablex:Tl—:p:T N,y v t: T xchange
'rt:T O
I
LTOIr T FQ:I R
F,tllTll-tZT r'—tliTl
DL, . . DR,
Linltyy: e Th + t: T IF'rinlty: The Ts
L r,tziTzl-tIT rl—tziTz ®
"Tinrh: TYeT, v t: T I'rintt, : Ty & T, A
F,t]:Tl,t2:T2|—t:T r]'-t]ZTl F2Ft25T2®
Lr,tIXt21T1®T2'-tIT I',Ib F 14xt: T1 1 R
Ty v 6 T Iob:Th v t:T Ly:T) v b T, -
rl,rz,tll—)tziTl—OTzl-t:T 1"|-t1»—>t2:T1—oT2 "
Nu:UX >uXUl+rt:T Fr t:T[X ->uX.T]
Mo T foldu:uX.U r : 7T Trfoldi:ux.T 'R
Trace u:SeU —-SelU, + t:T 'rt:UeT) -UT, Trace
L Ttraceu: Uy o Uy, v t: T I'vr tracet: Ty — 1o R
. . It:Urt: T Th:U v t:T T'r t:T T'r6:T .. .
Li t L t
Hneartyy Th+b:Ur t:T Trth+t: T Hneartyr
.. F,f/]IT]—OTz,tzZTz—OT';I-f/ST rll-t]CTl—OTz FQthsz—OT'; ..
C t - = C t
omposttion Lthsty: Ty o T3+ t: T I, v t1sta: T — T3 Ompostionz
T r,uZTz—OT]I-tZT FI—tZTQ—OTl N
" ]
T T o Tkt T TRt T T
id '+ t:T O i
LTid:U~UFrt:T Fid:T—oT F
L. Ft:T) — T, Fot Ty
Applicat
pphication Ft@t T
Syntax Directed Typing rules
F it T
Variabl =1
A T T e T\ 2
I 'r t:Tes1I O I
FT,0:lrt:T>»I' Tvr(Q:IsT F
. Lty:Ty v t:T > T F'r t,:Ty» T ®
"Tinlt,: @D r t:T»0 Trinlh:T1ehsT
r,tlezl-tITl>r/ rFt21T2>r/ ®
Tinth: 16 r :T > Trinh: 10>
F,t]ITl,tlezi-t:TPF’ Fb—tI:T1>F’ F’b—t2:T2>F”
" Thxt: e r t:T s T Trhxb:T1®D » T =
Fb—t1:T1>F’ r/,tlethZTDF” F,tllTlFt21T2l>r,
r,t]'—)tziT]—OTzi-tiTPrw rl—t|i—>f/22T]—0T2>r/
Tu: UX >uX.Ul+rt:T>I F'r t:T[X->uX.T]»1I
Ko T foldu:pu XU v t:T» I T+ foldt:pX.T s HE
Trace Nu:SeU -SeU, + t: T >1T rrt:UeT)-UT,»1I" Trace
L Titraceu: Uy o Uy + t:T > TV Tk tracet: Ty —o Tp, » I k

Ltg:U+r t:T>T Ihb:U*rt:ToeI

Linearit; Prt:T>T Lrg:Te Linearit;
L Th+tt:Ur t:T 50" Tr tith:T > R
Oty : Ty —oTptp: Ty —o T3 v t:T » T F'rt:T) - T » I IV tp: Ty - T5» T
C C
omp,, Ttistp: Ty o T3 v t:T > T Tt tsth: Ty — T3 > I omp
N Tbu:T)—- Ty v t:T T FFt:T2—0T1>F'T
LF,UT:Tl—OTQ'—t:TDF, Fr t':Ty T R
id FT'rt:TeTI 0 W
LTid:U—~Ur t:T»T' Fid:ToT» B
. Ft: T — Thv Foty Ty
Applicat
pplication S i@h e
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Constraint-Based Type Inference rules

Ft:Xv» | C
. I(z)="1,
Variable <= = T G T |V = Vo)
ret:Tes»I"| C O
I, S Ir
LO:Vrt:TsD | CU(V=I TrQO:VsTl | (V=1
® F,tl:le—t:T>F'|C F'—tIIX|l>r,|C ®
DTGV r :T»T [ CUV=X,0X)] Trmt:VeD|CU{V=X®aX)
® th'Xz’-t'T>r,|C F!—tg'X2>F’|C ®
T Vi :Ts | CUV=X06X) Trimb:VsD|CUlX ®X)
® Ih: X,b: X r t:T>T" | C ' 4: X117 | O F’l—t2:X2>F”|Cg®
T txh:Vrt:ToD [ CUV=X8X) TFhxt:Vel'|GUGUIV=XoX) =
- FD—tl'X1>r,|Ol l"’,tz:szt:T>F”|02 r,t1:X1Ft22X2>r,|O —op
rflP—)tz Vrt: T>F”|CIUC'2U{V:X1—0X2} Fl—t1+—>t2:V>1"’|CU{V:X1—oX2} )
Lu:UY >uY.Ulrt:T»T | C Tvt:TX >uX.TI» T | C

e T fold,ygu:Vr t:T» T | CO{V=pY.U} T rioldxst:Vel |CU(V=pX.T} 'R

lNu:UeX - UeXo v t:T>I"| C Frrt:ToX -ToX,>1" | C
Iitracey u: V r t: T e T" | CU{V =X - Xp} Tk tracept:VeI"| CU{V =X —Xp}

Ft]‘XFt'T>r/|C| It Xl—tTDF,lCZ Fl—tI:X>F’|Cl I'r t: X>FI|CQ

Tracey,

Tracer

Ling, Th+t:Vrt:TsT | CUGCU{V =X} TFria+h: VoD | GUGU(V =X) Ling
Ih: X1 X0t Xp X5+ t:T>»I"| C Trh:XoXooT | C Frb:iX oo 7 | G
Comp,, i o
Ltistr: Ve t: T | CU{V =X — X3} Trhsh:-VoT" | GUGUV =X, — X3

jp DuiXooXiri:TeI"| C Prt:hoXel|C
PTl o T [ CUV=X =X} Tri:VeDl | CUV=X—oX)
W Tri:ToI | C . )
LTid:Vrt:T»T [ CU(V=X oX] rid:Vs> [(V=X—oX] F
Application —F X1 o Xe [ G rhiXie | G

Ft@t: Ve | CTUGULV =X}

.

Unification

unify := Set of Constraint — Substitution
unify({}) = [

unify({X = T}U C) = unify((X —» T]C)o[X — T]
unify({T = X} U C) = unify((X —» T]C)o[X — T]
unify({S1 & S = T & Tr} U C) = unify(C U{S, = T1, 5, = T»})
unify({S1 ® S = T1 ® Th} U C) = unify(C U{S, = T1, 5, = T»})

}

}

unify({S; — S, = Ty — Tr} U C) = unify(C U{S, = 11,5, = T»})
unify(uX.S=p Y. TYU C) = unify(CU{X = Y,S =T}




Ve Type Interpretation

|@|0000d000eiUuuoooooon
OvOooOooooooooooOoDooooO (Dagger Compact Category with Traced Finite Biproduct)

e F: V"> VIO nOdOOO

oI,: VO 5 VvOOoono

e K;:VO L vVOOD IDDO

e®:VxV->VODOOODOODODO

e ®:VxV-VOOOODO

e (m)*:V’ 5VODODOODODOODOOOD

o[- -]1:VPxV>VOOOODOOO

e IdyOODOODO

e0VOOO F:V*>V (p>1)000000000000000 FOOODOODOOOOOOO (F*% ¢
- Ff:vel svOooo
—¢F  Fold,Fhy= Ft.vo-! 5 yvOoDoooo
-000 Te V' |Dooooo (FYD),¢5) 0 F(T,-)-000

[®r T]:Ve-y

[0+ X;] =11

O+ I]=K;
OrTie Tl =0c(OF 711,10+ T2])
[OF T1® D] =00 ([0 F T11.[0 + T5I)
[OF T} = ] =@o(0+ Ty, [0+ ToI)

OFruX.T]=[0,Xr TT*
[OF T[X - Ull=[OF T1oUd,[OF UL
[T]:=10F Tl €l V]|

+000000000 CatODO0OOOOO 1000000

-
s Denotational Semantics
[t: T1elT]
[id: T1=1
[e:T1=0
[z:Tl==z
[O: 11 ==
[inl ¢, : Ty @ To] = a ([t = 11])
[inr &, : Ty @ 1] = ([t : T21)
[tixt: Ty T =10t: Tt : T>]
[h-th:Th—Dl=0[t:T1I1*"e[k: I)]
[fold ¢ : u X.TT = fold, x ([t : T[X/uX.TIN)
[t +&:T1= ‘/Li([[tl cTh+ 0% : T
[tista: Tt — T3] =t2: To — T3] o[t : T1 — T3]
[tracey t: Ty — Toll = Trf 1 ([t : (U T1) — (U To)])
[t": Ty = ol =[t: T — Tyl ™
[t@t:Toll=0t: T — T2t : Thl)
o

partial order
[ @<zx<(O<inlt<inrt <t Xt <t > th<foldt<tracet <t + 1t




Term Matching and Substitution

m] teE(x) z ¢ Dom(E)
zrt — {z—ot) Evz w te Z\{r-ot} Erz ~w @p>E2
0 0
00 = {1} E»(0Q ~w (»E
teu — = 0 Ert w e E
inlt > inlu — E inlt » infru — L Zvinlt ~w  inlt » Z
teou — & O Ert w t'»E
inrt »inru — E inrt »inlu — L Esinrt ~ inrt’ » &
th>uwy — E the>uwy — E Evtp o~ f e Eoety w te E
L Xl > up Xuy — EIUEEZ Ebr Xt tht2/>E'/
> u = E th>uy — E Evtp o~ f e E Eety w te E
b h>uyPuwy — EUE Ev il ~w ol 2
t>u — ZE 2t w s E
foldt » foldu — & Zo>foldt ~» foldt » &
t>u — E Ert w t»E
trace t > traceu — E = > tracet -~ tracet’ » Z
teu — F teu — B theu — Z bheu — E Erxt w e Z Erety w te E
tew+u — EUIE h+h>u — EUE Erti+ty ~ t+t > B
ty>u —  E h>uy — E x>tTgu - = x>ugt% - = Ert tl/l>E' et tél>E//
bt » wguy — EULE tsz > u — Z gt u — E Evlish ~ st E”
teouf = = Ert w
ey — E Zsth ~w them
O 0
ideid — {} Zeid w ide> E
0 [} 0
o> u — L te @ — L1 ErQ@ ~w g E




Operational Sematics

O O 0 O
T =z ()= 2 =0 id = id
0 inlt =t inlty = ¢ t =t
inlg = @ inl (4 +6) = ¢+t inl ¢t = inl ¢/
0 inrt; = ¢ inrt, = 1 t =t
inrg = @ inr (b +t) = ¢/ +1 inrt = inr ¢’
[ O 1 X1l3 = {3 h X1y = Iy i Xt = i 1 X1l3 = {3 t = tl, th = 2‘/2/
LhX0 =0 DXt = @ (t]+t2)Xt3Et13+t23 t]X(t2+t3)Et]2+t]3 tht2=t1,Xt£
O O tiL= 3 = 13 bt = I ti=>th = I L=t = i3 t = tll th = t2,
W20 =0 0O0Ph=0 (h+h)P 3 = tiz+is i (h+t) = tn+ts bt = 1ot
O fold y = ¢ foldt, = ¢ t =t
foldo = @ fold () + ) = 1] + 1 fold t = fold ¢
O t =t
trace @ = @ trace t = trace t’
t =t t=t =t b=t =t h=t b=t H=t b=t h=t
@+t =t t+o =t/ (h+h)+t = &+ +1) b+ (b+B) = ¢+t +1) i+t =t +t
O 0 Lish = i List = hi3 Listy = ti3 hity = b3
@5t =0 30 =0 hs(h+t) = tn+ts (i +h)sts = iz + 3
t =t t =t t = tll th = t2, t3 = t:; t = tI, th = tZ, t3 = t3,
dgt =7 tyid = ¢ (hst)sts = t[3(t55t) tg(hsts) = ts(hst5)
B>th — E Evtp w4 e {} Evty ~ te{} t =t h =t
- bhitzt =t -1 st = t5t)
0 O 0 g t =t
=z Ol=0 o =0 id=id @O =v
th = ¢ th = ¢ th =t th =t
@inl )" = inl¢  (@nr&)f = inr ¢’ (fold ) = fold ¢  (trace t)" = trace t’
T T T T T T T T
=y = =t d=¢ = d=¢g =4 =4y
(ixt)' = xt) (i) =@et) (+)' = ¢ +8) (hist)' = st
h=t h=t t=t et — E  Est] w t"s{
(tll—)tz)@t = t”
O t =t
2@t =@ d@t =t
het=t h@t=t t@t=t t@h =1t
(h+h)@t =t/ +1 1@ (L +h) =t +1

t @ (inr v) = inr v’

t @ (inl ) = inl u’ (trace t) @ (inl w’) = u”

’

U

(trace t) @ u

t @ (inr v) = inl v’

(trace t) @ (inl u) = u”

(trace t) @ (inl u’) = u” t @ (inl u) = inr v’

(trace t) @ u

”

= U

(trace t) @ (inl u) = v’




